Introduction
One of the central problems of algebraic K-theory is to compute the K-groups K n X of a scheme X. Since these groups are, by definition, the homotopy groups of a spectrum KX, it makes sense to analyze the homotopy-type of the spectrum, rather than just the disembodied homotopy groups. In addition to facilitating the computation of the K-groups themselves, knowledge of the spectrum KX can be applied to the study of other topological invariants. For example, if X = Spec R, then the homology groups of the zero-th space Ω ∞ KX are of interest since they are the homology groups of the infinite general linear group GLR; but they are not determined by the homotopy groups of KX alone.
Topological complex K-theory is another important invariant. Let K denote the periodic complex K-theory spectrum, and letK denote its Bousfield -adic completion at a fixed prime . There are several reasons for wanting to computeK * KX. From the standpoint of stable homotopy theory, (K/ ) * is essentially the second in an infinite hierarchy of cohomology theories-the Morava K-theories: K(0), K(1), K(2)... Here K(0) is rational cohomology. By work of Hopkins and J. Smith [10] , these theories are "primes" of the -local stable homotopy category, and together with mod cohomology as a sort of "prime at infinity" they form a complete list of the distinct primes. Moreover, by a theorem of the author [13] , all the Morava K-theories beyond (K/ ) * vanish on KX. ThereforeK * has a distinguished role in the theory. Even better,K * KX is accessible to computation, thanks to Thomason's theorem verifying the Lichtenbaum-Quillen conjectures forLKX, the Bousfield localization with respect toK. The author and Bill Dwyer explicitly computedK * KX when X is a ring of integers in a number field [7] , a smooth curve over a finite field [8] , or a local field [7] (with some exceptions at the prime 2 that were left unresolved; see below for further discussion). In these cases the classical Iwasawa theory of X is very neatly captured by the structure of K −1 KX as module over the Adams operations.
The present paper provides a more systematic, general approach to computingK * KX.
As in [7] , Thomason' s theorem is still a critical input, and therefore our results apply only to schemes satisfying the Thomason hypotheses (T) listed below. In particular X is a separated noetherian regular scheme of finite Krull dimension, the prime is invertible in X, and X has finite mod étale cohomological dimension. Thomason's theorem can be formulated as follows: Let H · (−; K) denote the hypercohomology spectrum associated with the algebraic K-theory presheaf. Equivalently, under the hypotheses (T), we can take any globally fibrant model for K in the closed model category of Jardine [11] . Then Thomason's theorem says that the natural map KX−→H · (X; K) induces a weak equivalence on Bousfield localizations:
For any spectrum E, the map E−→LE induces an isomorphism onK * ; the problem then is to computeK * H · (X; K). We construct a right half-plane homology spectral sequence converging to this group: Let µ ∞ (−) denote the group scheme of all -power roots of unity. We define a copresheaf of profinite sets Inj whose value on a connected noetherian X is the set of injective homomorphisms µ ∞ X−→µ ∞ C, and an associated copresheaf of profinite modules over the Adams operations, denoted Z [[Inj]]. Our main result is then (see Theorem 5.1): Theorem 1.1 Suppose X satisfies the Thomason hypotheses (T), and that X has the Artin property (any finite subset of X is contained in an affine open subset). Then there is a right half-plane homology spectral sequence with
The spectral sequence is essentially just the Pontrjagin dual of a descent spectral sequence for topological K-homology. Our main technical result identifies the associated sheaf of the topological K-homology presheaf in simple terms involving roots of unity (Theorem 4.2, Theorem 4.7). Once this is done, computations are easy. As examples we consider number rings, number fields, local fields, smooth curves over a finite field, and smooth varieties over C. In particular, we obtain new proofs of many of the main results of [7] , [8] .
At the prime 2, the results stated so far are unsatisfactory because there are some interesting cases to which they do not apply. We plan to study the 2-primary case in a future paper; here we will only briefly indicate where the problems lie. There are two sources of difficulty. The first is that X may have infiniteétale cohomological dimension; for example, this always true for a number field with a real embedding or the ring of integers in such a field. It turns out that one can still computeK * H · (X; K), as we will show in another paper. The second difficulty is that Thomason's theorem requires √ −1 ∈ X, even when X has finite cohomological dimension-e.g., X is a 2-adic local field. (The point is that Thomason needed √ −1 ∈ X not only to get finite cohomological dimension, but also for homotopy-theoretic reasons involving the Bott element.)
Of course, if the homotopy-type of KX itself can be determined by other means, there is no need for Thomason's theorem. This brings us to Voevodsky's proof of the Milnor conjecture, and the subsequent applications to the 2-adic Lichtenbaum-Quillen conjectures by Rognes and Weibel [17] . To make a long story short, combining the affirmed Milnor conjecture with the Bloch-Lichtenbaum spectral sequence results in anétale descent spectral sequence for the 2-adic algebraic K-theory of a field. Spectacular though this result is, it does have one frustating defect: The spectral sequence is not known to be compatible with the ordinary descent spectral sequence for theétale hypercohomology spectrum. In particular, the strong form of the Lichtenbaum-Quillen conjectures, asserting that KX−→H · (X; K) induces a weak equivalence on some connected cover after 2-adic completion, remains open in most cases. Consequently, when X is a general 2-adic local field, our calculations apply only to the globally fibrant model H · (X; K).
Notation and Prerequisites
1. Hypercohomology Spectra.
We assume the reader is familiar with either Thomason's hypercohomology spectra [20] , or better, the closed model category of Jardine [11] [12] . The reader might also find it useful to consult the author's expository article [14] . We recall from [11] that if Φ = (C, T ) is a Grothendieck site with underlying category C and topology T ,the category P Φ of presheaves of spectra on Φ is a closed model category with respect to the following distinguished morphisms:
• The weak equivalences are the stalkwise weak equivalences; that is, the maps of presheaves which induce isomorphisms on the associated sheaves of the homotopy group presheaves π * (−).
• The cofibrations are the pointwise cofibrations
• The fibrations-called global fibrations-are the morphisms having the right lifting property with respect to the acyclic cofibrations.
Here we are following Jardine in saying that a map of presheaves of spectra E−→F has property P pointwise if for each object U ∈ C, E(U )−→F(U ) has property P. Beware the mild clash of terminology; this use of the word "point" has nothing to do with site-theoretic points.
A fibrant presheaf for this closed model structure is called globally fibrant. If E is any presheaf of spectra, there is a globally fibrant model η : E−→GE, meaning that GE is globally fibrant and η is a stalkwise weak equivalence. As the notation suggests, the globally fibrant model can be chosed functorial in E. Any two globally fibrant models for E are pointwise weak equivalent. If the site has enough points and the presheaf has finite cohomological dimension, we can take Thomason's hypercohomology spectrum H · (−; E) as globally fibrant model. A presheaf is quasi-fibrant if the map η is a pointwise weak equivalence.
Hypotheses for Thomason's Theorem.
Working at a fixed prime , the hypotheses needed to apply Thomason's descent theorem are the following (these are not the most general hypotheses, but they are easy to check): First of all, a field F is -good if char F = and F has finite transcendence degree over a subfield E satisfying cdé t E ∞ ≤ 1, where E ∞ is obtained from E by adjoining all the -power roots of unity. If = 2 we also require √ −1 ∈ E. Examples of such fields E include separably closed fields, finite fields, local fields, and number fields (with √ −1 ∈ F if = 2). Note that an -good field has cdé t F < ∞ . Call a scheme X -admissible if (a) all its residue fields are -good; and (b) there is a fixed n such that for each residue field F, the field E can be taken so that F has transcendence degree at most n over E. Note that if X is a noetherian -admissible scheme, then so is any scheme of finite type over X.
Hypotheses (T):
(1) X is a separated noetherian regular scheme of finite Krull dimension; and (2) X is -admissible.
It follows that cdé t X < ∞.
3. Remarks onČech vs. Verdier cohomology: Let X be a scheme having the Artin property: X is quasi-compact, and every finite subset of X lies in an affine open subset. (Any scheme quasi-projective over a noetherian ring has the Artin property.) Then theétale site Xé t has the unusual property thatČech and sheaf cohomology agree [3] ; more precisely, if A is any additive abelian presheaf on Xé t , thenȞ *
, where a(−) is sheafification. This fact will be used frequently below. An alternative approach would be to use Verdier's theory of hypercovers, as in [2] , [9] . This would obviate the Artin property, and for some purposes would even allow us to replace Xé t by a more general site. We will not consider hypercovers here, however, as that approach properly belongs to a more systematic treatment of Verdier hypercohomology spectra.
F is a field of characteristic different from , let F 0 denote the field extension of F obtained by adjoining the -th roots of unity ( odd) or √ −1 ( = 2). Let F ∞ denote the cyclotomic -extension obtained by adjoining µ ∞ , the group of all -power roots of unity. Then either F 0 = F ∞ , or there is a unique chain of intermediate fields
If E is a spectrum, E ∧ denotes the Bousfield -adic completion of E-that is, the Bousfield localization of E with respect to the mod Moore spectrum. K is the periodic complex K-theory spectrum. The ring of stable operationsK 0K can be identified with a certain pro-group ring Λ as follows: Suppose k is prime to and let ψ k denote the k-th Adams operation. Then the correspondence k → ψ k is multiplicative, and induces a continuous homomorphism Γ −→(K 0K ) × . The resulting map Λ −→K 0K is an isomorphism of profinite rings.
Whenever S = lim n S α is a profinite set, group, ring or module, Hom (S, −) means continuous homomorphisms; i.e., if M is discrete we take colim α Hom(S α , M ), and if M = lim β M β is profinite we define
Similarly, the tensor product of two profinite modules is always to be interpreted as the pro-tensor product.
We write K for the K-theory presheaf U → KU on theétale site of a scheme X.
A spectral sequence for the topological K-theory of KX
Let Φ = (C, T ) be a noetherian site, M a copresheaf of finite abelian groups on C. For an object X of C, theČech homology groups are defined as follows (compare [9] , chapter 7). For each finite covering family
. Applying M to thě Cech nerve U · yields a simplicial abelian group M (U · ), and we define H * (U /X; M ) as the homology of the associated chain complex. Note these groups are finite in each dimension. We then setȞ * (X; M ) = lim U H n (U /X; M ) where the limit is taken over all such covers U . We extend this definition to copresheaves of profinite abelian groups M = lim M α by
Now Pontrjagin duality (−) * gives an equivalence of categories between the opposite of copresheaves of profinite abelian groups and presheaves of abelian torsion groups (where on the profinite side we take continuous duals); cf. Proposition 7.5 in [9] . It follows immediately thatČech homology is Pontrjagin dual toČech cohomology; more precisely:
Profinite copresheaves arise from spectra in the following way: Let E be any -complete spectrum whose mod homotopy groups are finite. Then the functors E n (−) on spectra take values in profinite abelian -groups and continuous maps. To see this, let N denote the desuspended Moore spectrum Σ −1 M Z/ ∞ . For any spectrum Y there is a cofibre sequence
is finite, and the inverse limit functor is exact on inverse systems of finite abelian groups, this proves our claim. Now if F is a presheaf of spectra on Φ, for any E as above the copresheaf E * F is profinite. In particular this is true for E = K. Theorem 3.1 Suppose X satisfies the hypotheses (T), and has the Artin property. Then there is a convergent right half-plane homology spectral sequence
By Thomason's theorem, it suffices to construct such a spectral sequence for the globally fibrant model H · (X; K). We first consider a more general situation. Let Φ be a noetherian site with enough points, F a presheaf of spectra on Φ. Let W be a fixed spectrum. Proposition 3.2 Suppose that W is an -torsion spectrum and cd Φ < ∞. Then for any object X of Φ, there is a convergent right halfplane cohomology spectral sequence
where a denotes the sheafification functor.
Proof: The hypotheses imply that the natural map W ∧ H · (X; F)−→H · (X; W ∧ F ) is a weak equivalence.The spectral sequence is then just the usual descent spectral sequence for the presheaf W ∧ F.
where the last isomorphism follows from the universal coefficient theorem for K-theory [1] . Now from Proposition 3.2 we have a spectral sequencě
where the first equality is by Artin's theorem. Taking Pontrjagin duals and applying the last proposition, we obtain the desired spectral sequencě
Let X be a noetherian scheme. Then any scheme Uétale over X is a finite coproduct of connected schemes
Any presheaf defined on the full subcategory of connected schemesétale over X extends uniquely to an additive presheaf, and any map of such presheaves extends uniquely to an additive map of additive presheaves. Now suppose 1 ∈ X, and consider the abelian sheaf µ n represented by the group scheme Spec A n , where
Lemma 4.1 Let X be any connected scheme over Spec Z[1/ ]. For any field k and morphism f : Spec k−→X, and any n ≤ ∞, the induced map f * : µ n (X)−→µ n (k) is injective. In particular, µ n (X) is cyclic for n < ∞, and any morphism Y −→X induces an injective map on µ n (−).
Proof: Suppose there was a nontrivial element a in the kernel of f * . Then we can assume a = 1, in which case a corresponds to a map X−→Spec A 1 . Now Spec A 1 has two components, For each n ≤ ∞, we define an additive presheaf L n on Xé t as follows: Let Inj n (U ) denote the set of injective homomorphisms µ n (U )−→µ ∞ (C). By the lemma, Inj n is a covariant functor on the subcategory of connected U, and for U connected we set
When n = ∞, we interpret Inj ∞ (U ) as a profinite set, and write L for L ∞ . Here "Map", as always, denotes continuous maps. We extend L n to an additive presheaf as described above.
Note that L n is a presheaf of discrete Λ -modules, where the module structure arises from the canonical action of Γ on µ ∞ (C). Note also that L(U ) Then the canonical map U −→Spec A U induces an isomorphism on µ n (−), so it is enough to consider the case U = Spec R affine. Now C = µ n (U ) is cyclic of order m for some m ≤ n. Let g : Σ ∞ BC + −→KR denote the canonical map. By Atiyah's theorem,K 0 BC + is isomorphic to the completed representation ringR C C.
Lemma 4.3 The image of g
From the lemma we obtain natural transformationŝ
These are clearly compatible with respect to n, completing the construction of θ.
To prove the lemma, suppose first that either is odd or that n ≥ 2 and √ −1 ∈ R. We can assume m ≥ 1. Let F q be a residue field of Z[1/ ] m such that ν (q − 1) = m (such residue fields exist by Dirichlet's theorem on arithmetic progressions). Then µ n (R)−→µ n (F q ) is an isomorphism for all n. LetL denote Bousfield localization with respect toK. We need the following theorem from [7] .
Theorem 4.4
There is a unique lift h making the following diagram commutative:
Remark: If the Lichtenbaum-Quillen conjectures hold, the lift exists without localizing. We recall briefly the proof of theorem 4.4. By a theorem of Bousfield [5] ,L factors through the zero-th space functor Ω ∞ . But on zero-th spaces, the lift exists without localizing [6] .
From the fibre sequence KF ∧ q −→bu . It follows easily that f
(compare the proof of Lemma 4.6 below). This yields the desired factorization of g * . Now suppose = 2 and µ 2 n R = µ 2 R = {±1}. where the righthand map is complexification, and the bottom map is the Brauer lift. (Note that, a priori, the Brauer lift depends on a choice of embedding of the units of the algebraic closure of F 3 in C. But it is easy to see that after 2-adic completion, any two choices yield the same map.) By a theorem of Bokstedt, after 2-adic completion the natural maps KZ[1/2]→KF 3 and KZ[1/2]→bo can be lifted to a map into JKZ, and this map induces an epimorphism on homotopy groups. Rognes and Weibel [17] showed the homotopy groups of source and target are abstractly isomorphic, and since the groups in question are finitelygenerated, α is a weak equivalence. Therefore it is only necessary to computeK 0 JKZ; this is easy from the definitions, and is left to the reader. . For F = L, this is obvious; for F = (K ∧ N ) 0 K(−) it follows from the Suslin-Gabber rigidity theorem. Thus we have reduced to checking that θ is an isomorphism on all separably closed fields k of characteristic not equal to .
Next, observe that F is invariant under (a) passage from a separably closed field to its algebraic closure; and (b) arbitrary extensions k ⊂ k with k, k algebraically closed. Again, both statements are obvious for F = L. For F = (K ∧ N ) 0 K(−), the point is thatcompleted algebraic K-theory is already invariant, by [15] and [18] . Thus we have reduced to checking the cases k = C and k = F p . For k = C, we have a weak equivalence :
Lemma 4.6 The natural map θ
is an isomorphism of Λ -modules.
Proof: The two Λ -modules in the theorem are free of rank one, so it suffices to show θ top C is surjective. By compactness, it is enough to show that the natural mapK
But this map is induced by the inclusion µ n C ⊂ µ ∞ C; since the Adams operations act transitively on Inj, the lemma is proved.
It follows at once from the lemma that θ C is an isomorphism. Finally, suppose k = F p . Choose an embedding j : k × →C × , and let δ : Kk ∧ −→bu ∧ denote the corresponding Brauer lift. Then there is a commutative diagram
Note that j * is an isomorphism. The righthand map is an isomorphism by the preceeding lemma, while δ * is an isomorphism since δ is a weak equivalence. Therefore the lefthand map, θ * k , is an isomorphism as desired. This completes the proof of the first part of the theorem.
The second part of the theorem is immediate from Suslin's theorems, together with the fact thatK 1 bu = 0.
In terms of cosheaves, we can restate Theorem 4.2 as follows: For our purposes, a copresheaf is a cosheaf if its Pontrjagin dual is a sheaf; similarly, the cosheafification functor is just the dual of sheafification. 
The main theorem, and applications
Recall that Inj is the additive copresheaf that assigns to each connected U the profinite set Inj(µ ∞ U, µ ∞ C) of injective homomorphisms from the -power roots of unity in U to those of C. Combining Theorem 3.1 and Theorem 4.7, we have our main result:
Theorem 5.1 Suppose X satisfies the Thomason hypotheses (T), and that X has the Artin property. Then there is a right half-plane homology spectral sequence with
Suppose that X is a noetherian scheme over Spec Z[1/ ] such that µ ∞ X is infinite. Then every monomorphism µ ∞ X→µ ∞ C is an isomorphism, and any choice of isomorphism deter-
* . Furthermore, L is a constant sheaf on Xé t , isomorphic to the constant sheaf (Λ )
* . Now let M be a profinite topological module over a profinite ring R, let N be a discrete torsion R-module (meaning that the underlying abelian group is torsion), and recall our convention that "Hom" always means continuous homomorphism. We then define Ext R (M, N ) as the right derived functors of Hom R (M, −) on the category of discrete torsion modules. Taking R = Z , the ordinary universal coefficient theorem then yields a short exact sequence
Since (Λ ) * is divisible, taking Pontrjagin duals yields:
Proposition 5.2 Let X be as in Theorem 5.1, and assume µ ∞ (X) is infinite. Then the spectral sequence has E 2 -term
Here the first isomorphism depends on a choice of isomorphism µ ∞ X ∼ = µ ∞ C.
The tensor product in the proposition is, of course, the pro-tensor product. As an example, consider a smooth variety X over C. Let X C denote the complex points of X, with the classical topology. Then the hypotheses (T) hold, and theétale homology groups H * (X; Z ) agree with the singular homology groups H * (X C ; Z ), by Artin's theorem ( [4] , Exposé XI). The resulting spectral sequence as in Corollary 5.2 is of limited interest because the hypercohomology spectrum itself can be explicitly identified:
where F denotes function spectrum. (For a sketch of the proof of this fact, see the appendix.) The spectral sequence is, presumably, Pontrjagin dual to the Atiyah-Hirzebruch spectral sequence for the K ∧ N -homology of the function spectrum.
For a general X, we will define a cyclotomic -extension X ∞ and then compute the E 2 -term of the spectral sequence by descent. Let X be a connected noetherian scheme over Spec Z[1/ ], and let Z[1/ ] n denote the integral closure of Z[1/ ] in Q n . We can adjoin n -th roots of unity to X as follows: DefineX n by the fibre squarẽ
Note thatX n is finite,étale, and Galois over X, with Galois group G = G(Q n /Q). Choose a component X n ofX n . Then X n is again finite,étale and Galois over X, with Galois group H n , the stabilizer of X n . Note that H n is independent of the choice of component X n . Passing to the inverse limit over over a compatible sequence of components, we get the -adic cyclotomic extension of X, denoted X ∞ . It is unique up to a non-canonical isomorphism. Note that Γ X ≡ lim n H n is a closed subgroup of Γ , and is independent of all choices. If X is normal, with function field F (X), it is easy to see that this definition agrees with the obvious alternative; namely, take X ∞ to be the normalization of X in the cyclotomic extension F (X) ∞ . In this case, however, we will change our indexing so that F (X) n is the n-th layer of the cyclotomic -extension as defined earlier, and X n is the normalization of X in F (X) n . With this notation, either X 0 = X ∞ or X n+1 has degree over X n for all n ≥ 0.
Since we have committed ourselves to the noetherian hypothesis, we need to know when X ∞ is noetherian. (It isn't clear to the author whether or not this is always true. The local rings are noetherian, since they are filtered colimits of localétale algebras over a local noetherian base; cf. [16] , p. 95.) We have the following fairly general criterion: Let X be a connected noetherian normal scheme with function field F, and let {F n } denote the cyclotomic tower as usual. Let X n denote the normalization of X in F n , so X ∞ = lim n X n . Proposition 5.3 Let X be a connected noetherian normal scheme. Suppose that either (a) F ∞ /F is finite; or (b) for all residue fields k of X 0 , µ ∞ (k) is finite. Then X ∞ is noetherian.
Proof: If (a) holds, then X ∞ is finite over X and the proposition is obvious. Now assume (b). We reduce at once to the case X affine; thus X = Spec A where A is an integrally closed domain. We can also assume F = F 0 , so that Γ F ∼ = Z . Fix a prime p of A with residue field k p , and a prime P of A ∞ lying over it. Let D ⊂ Γ F denote the isotropy group of P (a.k.a. the decomposition group). If D is trivial, then p splits completely in A ∞ , so that k P = k p . But then µ ∞ k p is infinite, a contradiction. Hence D has finite index in Γ F , and the set S of primes over p in A ∞ is finite. Let S n denote the set of primes over p in A n . Then S = lim n S n , and since each S n is finite and all the maps in the inverse system are surjective, the inverse system must stabilize. Since the tower is unramified, there is an n such that p n ≡ P ∩ A n remains prime in A ∞ , and P = A ∞ p n . This shows that every prime ideal of A ∞ is finitely-generated, and therefore A ∞ is noetherian.
Applications
Number rings. Let F be a number field, and if = 2 assume
Since cd R ≤ 2, with equality in most cases, it is possible a priori that H 2 (R ∞ ; Z ) is nonzero. In fact the groups H 2 (R ∞ ; Z ) vanish, as can be shown in several ways. The simplest is to consider the Pontrjagin dual H 2 (R ∞ ; Z/ ∞ ), which fits into a short exact sequence
Class field theory shows that Br R ∞ = 0, while P ic R ∞ ⊗ Z/ ∞ = 0 because P ic R ∞ is a direct limit of finite abelian groups P ic R n . Alternatively, a dual version of the classical continuity theorem shows thatétale homology, as defined here, commutes with suitable inverse limits of schemes. In particular, H 2 (R ∞ ; Z ) = lim n H 2 (R n ; Z ). Now H 2 (R n ; Z ) is precisely the "Leopoldt defect" group whose vanishing is equivalent to the Leopoldt conjecture for F n . While the Leopoldt conjecture remains open, it is well known (and not hard to prove directly) that these groups vanish after passing to the inverse limit over n. Hence H 2 (R ∞ ; Z ) = 0. Theorem 5.1 and Corollary 5.6 then yield one of the main results of [7] :
Let Ω denote the maximal -extension of F 0 that is unramified away from . Then H 1 (R ∞ ; Z ) is the abelianization of the Galois group G(Ω/F ∞ ); that is, the standard Λ Fmodule studied in classical Iwasawa theory (sometimes denoted M, or M ∞ ). The theorem allows one to translate various Iwasawa-theoretic conjectures into conjectures aboutK −1 KR.
For example, one form of the Leopoldt conjecture asserts that H 1 (R ∞ ; Z ) Γ F = 0. Hence the Leopoldt conjecture is equivalent to the assertion thatK −1 KR has no nonzero fixed points for the Adams operations. Iwasawa's conjecture on the vanishing of the µ -invariant is equivalent to the conjecture thatK −1 KR has no -torsion.
Analogous results hold for any ring of S-integers in F.
Number fields. Let F be a number field, and if = 2 assume √ −1 ∈ F . Then again H 2 (F ∞ ; Z ) vanishes, and we have:
Here H 1 (F ∞ ; Z ) can be described from two points of view. Kummer theory tells us that
On the other hand, class field theory tells us that H 1 (F ∞ ; Z ) = lim n J n , where J n is the -completed idele class group of F n . Using either viewpoint, it is an interesting exercise to check our calculations for number rings and number fields by applyingK * to the localization sequence KF q −→KR−→KF .
Theorem 6.2 can also be obtained by passing to the inverse limit over rings of S-integers, using Theorem 6.1.
Local fields of characteristic zero. Let F be a finite extension of Q , with [F : Q ] = d. Then cd F = 2 in all cases, and by local class field theory H 2 (F ∞ ; Z ) = 0. So again we have [7] :
The theorem follows immediately from the lemma, since there are pointwise weak equivalences
resulting from the first and second lemmas, respectively. To prove lemma (1), we need to first construct maps of spectra (X C ) + ∧KX−→bu that are strictly natural in X. Here we are taking as model for bu the spectrum K top C associated to the topological symmetric monoidal category of finite-dimensional C-vector spaces. Equivalently, we want maps of spaces (X C ) + −→Ω ∞ F(KX, bu). Now each x ∈ X C corresponds to a closed point i : Spec C−→X and so determines a functor i * : V ect X−→C-Mod and a map of spectra KX−→KC. The resulting map (X C ) + −→Ω ∞ F(KX, KC) is wildly discontinuous, but if we compose with the natural map KC−→bu we obtain a continuous map as desired. This defines the map φ required in the first lemma.
To see that φ is a stalkwise weak equivalence, first observe that for any variety X over a field, the geometric pointsx−→X associated to closed points x form a sufficient set of points for the site Xé t . So we need only consider stalks at these points, where x =x. Now by a theorem of Artin, for any finite abelian group A theétale stalks of the singular cohomology presheafH * sing (−; A) all vanish (see [4] , Exposé XI, for the beautiful proof). Since the stalk Ex of a presheaf E at closed geometric pointx is colim U E(U ), where the colimit is over alĺ etale neighborhoods U ofx, it follows from the Atiyah-Hirzebruch spectral sequence that
x is the strict henselization of the local ring at x. There is a commutative diagram
in which the lower map and the lefthand vertical map are weak equivalences after -adic completion by Suslin's theorems. Hence φ x is also a weak equivalence after -adic completion, as desired.
We now turn to the proof of the second lemma. Let X C denote the site whose objects are analytic manifolds π : U −→X C over X C with π a local homeomorphism, and with covering families the surjective families. Let X C denote the site whose underlying category is the same as for X C , but equipped with the classical topology. In other words, if U −→X is a local homeomorphism as above, a covering family {U i }−→U is just an open cover in the usual sense. There are evident site morphisms
Clearly F E extends to a presheaf F E on X C such that g # F E = F E . Here g # is the presheaf direct image functor. Since any such direct image functor preserves global fibrations, pointwise weak equivalences, and hence quasi-fibrant presheaves, it is enough to show F E is quasi-fibrant. Since the topology on X C is cofinal in that of X C , it follows easily that it is enough to show F E is quasi-fibrant on X C . By considering the over-sites X C /U we reduce further to the case U = X; in other words, to showing that F E (X C )−→H · (X C ; F E ) is a weak equivalence. Now recall that if U = {U i −→X} is an open cover of X, the associatedČech hypercohomology spectrum with coefficients in a presheaf E is defined by
where ∆ is the simplicial category and E(U · ) is the cosimplicial spectrum obtained by applying E to the simplicial covering object U · (theČech nerve of the cover).
Lemma 7.4 Suppose that all iterated intersections of the U i 's are either empty or contractible. Then the natural augmentation F E (X)−→Ȟ · (U /X; F E ) is a weak equivalence.
Proof: Let π denote the connected components functor, and regard π(U · ) as a discrete simplicial space. Then the map of simplicial spaces U · −→π(U · ) induces a levelwise weak equivalence of cosimplicial spectra F E (π(U · ))−→F E (U · ) and hence a weak equivalence
On the other hand, we have
where the geometric realization | π(U · ) | is naturally weak equivalent to the singular complex of X. This completes the proof of the lemma.
Open covers with the property stated in the lemma always exist; for example, choose a Riemannian metric and take a covering by geodesically convex neighborhoods. Let U be such a cover. Now globally fibrant models satisfyČech descent as in Lemma 7.4 under very general conditions (see [20] , Theorem 1.46). In particular, this is true in the present situation, and therefore it is enough to show thať
is a weak equivalence. Since it is enough to show that the corresponding map of cosimplicial spectra is a levelwise weak equivalence, we have reduced to showing that F E (U )−→H · (U ; F E ) is a weak equivalence for contractible U. This is clear; indeed the source and target are both weakly equivalent to E.
